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Let G be an abelian group, R a commutative ring (with l), and let RG be the group 
ring. Let (RG)* denote the group of units in RG. Following [2] we attempt to decide 
when the natural inclusion G+(RG)* splits. By extending the results in [2] we 
answer this question for an arbitrary commutative ring R and finitely generated 
abelian group G. It turns out that when G is finitely generated the splitting of the 
natural inclusion G + (RG)* is equivalent to the existence of a summand of (RG)* 
isomorphic to G. Adopting the notation of [2] if the inclusion G + (RG)* splits we 
write GE g(R). The following can be found in [2]. 
Lemma 1. Let R be a commutative ring and G an abelian group, then 
(a) I_ G s@ie,Gi, then G E 9(R) if and on/y if Gi E ‘3(R) for all i E I. 
(b) If G is torsion free, then G E 3?(R). 
(c) If G is a cyclic group of order p”, p a prime and n 3 0, and if p * 1 e R*, then 
GE 9(R). 
(d) If S is a commutative R-algebra and GE 3(S), then GE 3(R). 
Combining (a), (b), and (c) of Lemma 1 with the basis theorem for finitely 
generated abelian groups leads us to consider the situation where G is a cyclic group 
of order p” (p a prime and n >O) and p * 1 E R*. 
First we assume the only idempotents in R are 0 and 1 and employ the results in 
[5]. These results can also be found in [l, pp. 108-l 131. Let f(x) = xp” - 1 be a 
polynomial in R[X]. Since p - 1 E R*, the polynomial f(x) is separable and there is a 
unique (up to isomorphism) finitely generated projective separable extension S of R 
such that S has no idempotents other than 0 and 1, S is generated as an R-algebra by 
roots of f(x), and f(x) is a product of linear factors in S[x]. There are exactly p” roots 
of f(x) in S. We denote one of the generators of the p”-roots of 1 in S by 1 I”” and 
write S = R (1 I”“). Th e multiplicative group of pm roots of 1 in S is cyclic for any m. 
Theorem 1. Let R be a commutative ring whose only idempotents are 0 and 1. Let G 
be a cyclic group of order p”, p a prime. Assume p - 1 E R*, then the following are 
equivalent. 
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(a) The Sylow p-subgroup of R (1 I”“)* has order p”. 
(b) 1 ~k’n+‘pR(ll/P-)*v 
(c) (RG)* contains a summand isomorphic to G. 
(d) GE 9(R). 
(e) The Sylow p-subgroup of (RG)* has exponent p”. 
Proof. RG is a commutative, finitely generated, projective separable R-algebra 
sincep*lER*.WriteRG=Si@* * *@SI, where each Si has no idempotents other 
than 0 and 1. If G = (g), then each Si is generated by the projection of R and g so 
Si zR(I”~“’ ) where OS mi Crni+is n. Since g has order p”, mk = n. If (RG)* 
contains a direct summand isomorphic to G then the Sylow p-subgroup of (RG)* 
does. The Sylow p-subgroup of (RG)* is isomorphic to the direct sum of the Sylow 
p-subgroups of the R(l “pmi)*. Every subgroup of the Sylow p-subgroup of 
R(I 1’pmi )* is cyclic so the Sylow p-subgroup of R (1 “pm’)* must be isomorphic to G 
for some i. Thus the Sylow p-subgroup of R (1 1’pm’)* has order p” and (c) implies (a), 
(b), (d) and (e). On the other hand, given (a), the Sylow p-subgroup of (RG)* is a 
finite p-group of exponent p” which by [3,27.5, p. 1181 implies both (c) and (e). The 
rest of the theorem is now easy to prove. 
Example 1. Let G be the cyclic group of order 4 and R the field with three elements. 
Then R(11’4) is the field with nine elements which contains l”*. Thus G is not a 
direct summand of (RG)*. 
Now we require some results from [6]. Let B(R) be the Boolean ring of 
idempotents of R. Multiplication in B(R) comes from R and addition in L?(R) is 
given by e Of = e +f- ef where the operations on the right-hand side are those in R. 
If x is a maximal ideal in B(R) then Rx is an ideal of R and R/Rx = R, is a 
commutative ring with no idempotents other than 0 and 1. The set of maximal ideals 
x in B(R) form a totally disconnected compact Hausdorff space Spec(B(R)) and R is 
a global cross section of the sheaf of R, over the x E Spec(B(R)). If M is a finitely 
generated R-module and x E Spec(B(R)) then let IV, = R, I&M and if a E M then 
let the natural image of a in M, be a,. The basic sheaf property is: if a, b EM and 
a, = b, then aY = b, for all y in some neighborhood U of x. There is an idempotent 
OfeEx such that a(l-e)=b(l-e). 
Theorem 2. Let R be a commutative ring and G a cyclic group of order p”, for some 
prime p. The following are equivalent. 
(1) GE 3(R). 
(2) GE (e(R,) for some x in Spec(B(R)). 
(3) (RG)* contains a direct summand isomorphic to G. 
Proof. If p . 1 &R *, then the theorem follows from Lemma 1 (c). Assume p - 1 E R *. 
Since R, is an R-algebra Lemma l(d) gives the implication 2 + 1. It is immediate that 
1 + 3. We show 3 --* 2. Let (a) be a cyclic direct summand of (RG)* isomorphic to G. 
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For x cSpec(B(R)) if at”-’ = 1, then a;“-’ = 1, for all y in an open set U, 
containing x. If a:“-’ # 1, and (a,) is not a direct summand of (R,G)*, then by [3, 
27.5, p. 1181 we know (a,) is not a pure subgroup of (R,G)* and there is an equation 
z P- -a!” which can be solved in (R,G)* but not in (a,). Let V, be an open set 
containing x such that for any y E v, the equation z”’ = at” can be solved in (R,G)*. 
If (a,) is not a direct summand of any (R,G)* in which a!“-’ # 1, then Spec (E(R)) 
can be covered by open sets of the type U,, V,. Then by compactness of Spec (B(R)) 
we can write R = Rel 0. . . ORe, where (ael)p”-’ = el and for i 2 2 (aeiY’-’ # e; but 
(aei) is not pure in (Re,G)*. It is easy to check that if (a) is a direct summand of (RG)* 
then (aci) must be a direct summand of (ReiG)* for some i 3 2. Thus there exists an 
x E Spec(B(R)) with a:“‘-’ # 1, and (a,) is a direct summand of (R,G)*. By Theorem 
1 this implies G E %(R,) proving 2. 
If R is a ring with finitely many idempotents (e.g. a Noetherian ring) then 
R=R,@. * *@RI, where each Ri has no idempotents other than 0 and 1. If G is a 
cyclic group of order p” for some prime p then G E S(R) if and only if G E Ce(Ri) for 
some i. 
Example 2. Let X=(1/n/n 2 l}u{O} with the topology inherited from the real 
numbers. Let C (resp. Q) be the complex (resp. rational) numbers with the discrete 
topology. Let 
R = {f: X + C If is continuous, f(0) E Q}, 
then Spec(B(R)) is just X and 
R = c xf0, 
x 
[ Q x =o. 
If G is the cyclic group of order 2, then G E S(R) since GE %(Ro). However, 
Ga 9(R,) if x # 0 and R. is not a direct summand of R. 
Example 3. Let R be the direct sum of the fields GF(5) and GF(7) with 5 and 7 
elements, respectively. Let G be the direct sum of the cyclic groups Zz and Z4 of 
order 2 and 4, respectively. Since GF(7) contains only a square root of 1 but 
GF(7)(1”4) = GF(49) contains an 8th root of 1 we see Zz E s(GF(7)) but 
Z4& g(GF(7)). Since Z5 contains a fourth root of 1, Z2 & %(GF(5)) but 
Z4~ g(GF(5)). Thus Z2 E 9?(R) and Z.,E S(R) so G E Y(R). 
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